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Abstract
If F is a class of graphs then a graph  is called a locally F-graph, provided that the
neighborhood of every vertex of  belongs to F. Let GQ(s; t) denote the point graph of a
generalized quadrangle of order (s; t). We prove that every connected locally GQ(3; 9)-graph is
isomorphic to the McLaughlin graph. ? 2002 Elsevier B.V. All rights reserved.
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0. Introduction
A rank 2 geometry G consists of a set of points P and a collection B of subsets of
P. Points belonging to one block are called (pairwise) collinear. The residue Ga of a
geometry G at a point a is the geometry with the point set Pa of all points collinear
with a, and the blocks Ba = {B− {a} | a∈B∈B}.
The point graph  = (G) is a graph with the vertex set P in which two distinct
vertices are adjacent if and only if they are collinear. The notions of diameter, connec-
tivity, distance between points of a geometry G, etc., correspond to the same notions
in the graph (G). A geometry G is called triangular if every three pairwise collinear
points belong to a single block. It is easy to see that the geometry G is triangular if
and only if every subgraph (Ga) is induced by the point graph  = (G). In such
case, it is said that  is a locally {(Ga)}-graph.
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If a∈P; B∈B and a ∈ B, then the pair (a; B) is called an anti5ag. The number
of points in B collinear with a is denoted by f(a; B). A geometry G is said to be
’-homogeneous if f(a; B) = 0 or f(a; B) = ’ for every antiBag (a; B); G is called
strongly ’-homogeneous if f(a; B) = ’ for every antiBag (a; B). We shall consider
only geometries in which every two blocks intersect by at most one point; the blocks
will be called lines. Such geometries are called partial linear spaces. A subgraph  of
a partial linear space is called a hyperoval if every line intersects  in 0 or 2 points.
A geometry is called -partial geometry of order (s; t) if every line has s+1 points,
every point lies on t + 1 lines, and the geometry is strongly -homogeneous (denoted
by pG(s; t)).
A geometry pG1(s; t) is called a generalized quadrangle of order (s; t); it is denoted
by GQ(s; t). Further, a geometry pGs+1(s; t) is called a Steiner 2-system, and pGt(s; t)
is called a net. A hyperoval in GQ(s; t) is a regular subgraph of degree t + 1 with an
even number of vertices and with no triangles. The geometry G=(B;P) is called the
dual of G.
A geometry EpG is called an extension of -partial geometries if EpG is con-
nected and there exist numbers s; t such that every residue EpG is a geometry
pG(s; t). When we want to specify the parameters s; t, we write EpG(s; t). If  = 1
then the geometry EpG1 will be denoted by EGQ.
It is easy to see that if f(a; B) =0 for an antiBag (a; B) in EpG then f(a; B)¿ +1,
and the geometry EpG is triangular if and only if it is (+ 1)-homogeneous.
A coclique of size 1 + st= in pG(s; t) is called an ovoid (a generalization of
an oval). Note that the dual geometry of pG(s; t) is an -partial geometry of order
(t; s). The point graph of any geometry pG(s; t) is strongly regular with parameters
v=(s+1)(1+ st=); k= s(t+1); =(s−1)+ t(−1), and =(t+1). The geometry
can be uniquely reconstructed from its point graph, provided that  = 1. Therefore,
we may also denote the point graph of a generalized quadrangle of order (s; t) by
GQ(s; t). Thus, the study of triangular extensions of generalized quadrangles GQ(s; t)
is equivalent to studying locally GQ(s; t)-graphs.
We shall use the following notation. Let =(G) be the point graph of a geometry
G; i(a) be the subgraph induced by  on the set of all vertices at distance i from a.
When it is clear from the context which graph  is meant, we shall write [a] instead
of 1(a), and we shall denote the set {a} ∪ [a] by a⊥. The anti-neighborhood of a
vertex a is the subgraph induced on −a⊥. If  is some subgraph of  then by (a)
we mean the intersection of  with the neighborhood of a in , and by Ki() the set
of those vertices from − adjacent to exactly i vertices in . For a vertex x in ,
by Kxi () we denote the set Ki() ∩ [x]. Complete bipartite subgraphs with parts of
size m and n will be called (m; n)-subgraphs.
In [5], the study of homogeneous extended partial geometries with short lines was
reduced to locally GQ(3; t)-graphs; and all locally GQ(3; 5)-graphs were described.
Locally GQ(3; 3)-graphs were studied by the Hrst author in [4] (and independently
by Pasechnik [6], with the help of a computer). Locally GQ(3; 9)-graphs were clas-
siHed by Pasechnik [7] with the help of the computer system GAP. In the present
paper, we give a purely combinatorial classiHcation of extended partial geometries
EGQ(3; 9).
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Theorem 0.1. If  is a connected locally GQ(3; 9)-graph then  is isomorphic to
the McLaughlin graph; which is the unique strongly regular graph with parameters
(275; 112; 30; 56).
Corollary 0.1. If a geometry G is an extension of the generalized quadrangle GQ(3; 9);
then G is the geometry of vertices and 5-cliques in the McLaughlin graph.
Since the Krein condition [1] is satisHed with equality both for the McLaughlin graph
and for graph GQ(3; 9), it follows that the neighborhoods and anti-neighborhoods of
vertices in these graphs are strongly regular, too. Let us describe the structure of
our proof. In Section 1, we obtain some auxiliary results. In Section 2, we classify
hyperovals in GQ(3; 9). In Section 3, we classify locally GQ(3; 9)-graphs and prove
the corollary.
Let  be a locally GQ(3; 9)-graph. Every clique of maximum order in  consists of
5 points; such cliques will be called the blocks. So, if X is a block, and x∈X , then
X − {x} is a line of the generalized quadrangle [x].
1. Auxiliary results
Here, we present several lemmas to be used later on.
Lemma 1.1. Let  be a locally GQ(s; t)-graph. Then every maximal clique in 
consists of s + 2 points (such cliques will be called blocks); every point belongs to
(t+1)(st+1) blocks; every two adjacent points lie in t+1 common blocks; and every
two blocks intersect by at most two points.
All statements of Lemma 1.1 follow immediately from the deHnition of an extension,
and from properties of generalized quadrangles [8].
Lemma 1.2. Let  be a hyperoval in a generalized quadrangle GQ(s; t); and let =
||. Then  is even; and ∗6 6 ∗; where ∗ =max{2(t + 1); (s+ 1)(t + 2− s)}
and ∗ = 2(st + 1). Further; if  = ∗ ( = ∗) then for every point a ∈  there are
precisely (t + 2− s)=2 lines in a⊥ (all lines) intersecting  in two points.
Proof. The bounds for  and the evenness of  follow from Lemmas 3.9 and 3.11 in
[2]. If = ∗ then from the proof of Lemma 3.11 in [2] it follows that if a ∈  then
the number of lines in a⊥ not intersecting = (s+ t)=2.
If =∗ then by Lemma 3.9(b) in [2] every such line intersects  (in two points).
The lemma is proved.
In Lemmas 1.3 and 1.4 we assume that  is a point graph of GQ(3; 9).
Lemma 1.3. Let a; b be two non-adjacent points in . Then
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(1) every point x not in a⊥ ∪ b⊥ is adjacent to exactly four points in [a] ∩ [b];
(2) if  is a (4; 4)-subgraph in  then every point in  −  is adjacent to exactly
two points in .
Proof. The Hrst statement follows from the fact that the graph  − x⊥ is strongly
regular with the parameters (81; 20; 1; 6).
Under the assumptions of (2), let Ki=Ki() and xi= |Ki|. Then
∑8
i=0 xi=104;
∑8
i=1
ixi = 208, and
∑8
i=1(
i
2 )xi = 104. Subtracting the second equality from the sum of the
Hrst and the third, we get x0+
∑8
i=2(
(i−1)
2 )xi=0. Therefore, x1+x2=104; x1+2x2=208.
The lemma is proved.
Lemma 1.4. If  is a coclique in  then ||6 21.
Proof. From the Cvetkovic bound [1] we get ||6 s2(st + 1)=(s + t). For GQ(3; 9)
this gives the result of the lemma.
Lemma 1.5. Let a geometry G be an extended generalized quadrangle; (a; B) be an
anti5ag in G such that a⊥ intersects B; and B(a; B) be the set of blocks in a⊥ which
intersect B by at least two points. Then
(1) |X ∩ B| = 2; and the intersection X ∩ Y ∩ B is empty for any two distinct
X; Y ∈B(a; B);
(2) the assumptions that G = EGQ(3; 9); a and b are collinear points in G; and
S=a⊥−⋃{a;b}⊂B∈B(a;B) B; imply that b⊥∩S is a hyperoval of the partial linear
space  induced by G on S.
Proof. Let c∈B∩ a⊥. Then the residue Gc is a generalized quadrangle. Therefore; c⊥
has a block X intersecting B by at least two points. Since |X ∩ B| = 2; the Hrst part
of (1) is proved. If c∈X ∩ Y for distinct X; Y ∈B(a; B) then Gc contains two points
lying on distinct lines X; Y and belonging to the line B; a contradiction.
Let the conditions of (2) hold. Then S is the set of those points of Ga which are at
distance 2 from b. Since b is adjacent to two points in every block in a⊥ not containing
b, we conclude that  is a partial linear space with lines of size 3. Take L∈B(),
and let b be collinear with a point x in L. By (1), we have |b⊥ ∩ L|= 2. The lemma
is proved.
2. Hyperovals in GQ(3; 9)
Let  be the point graph of GQ(3; 9), and  its regular subgraph of degree 10
without triangles of even size . Let Ki = Ki(); xi = |Ki|. If a vertex a belongs to
− then it follows from the structure of a generalized quadrangle that the subgraph
[a] ∩  is the union of a set (possibly empty) of disjoint edges (that is, an induced
matching in ). Therefore xi = 0 for odd i, and for even i¿ 20.
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Proposition 2.1. One of the following three cases holds:
(1)  = 32 and − = K8;
(2)  = 40; x20 = 2; x4 = 10; x12 = 60; K4 = [a] ∩ [b] for the points a; b of K20; and
= ([a]− [b]) ∪ ([b]− [a]);
(3)  = 56 and − = K20.
Proof. By Lemma 1.2; we have (s+1)(t+2− s)6 6 2(st+1); that is; in our case;
326 6 56. Counting edges between  and − in two ways; we get the following
equations:

10∑
i=0
x2i = 112− ;
10∑
i=1
2ix2i = 20:
(1)
If a line intersects ; it will be called a secant; otherwise; an outer line. An outer line
will be said to have type (i; j; l; m) if its four points belong to Ki; Kj; Kl; and Km.
Lemma 2.2. If a line L from  intersects ; and the two its points in L−  belong
to Ki and Kj; then:
(1) i + j =  − 16 and ixi = jxj;
(2) if 66 i¡ j then xi ¿ j=2 and xj ¿ i=2;
(3) if 106 i = j then xi ¿ i;
(4) if K0 is a coclique (this is true when ¿ 36) then x06 28− =2.
Proof. Each point in − L is adjacent to exactly one point in L. Therefore; (i− 2) +
(j − 2) + 2 · 9 =  − 2 and i + j =  − 16. Counting the secants containing points of
Ki and Kj; we get the second equality of (1).
Let us prove (2). Each vertex from Kj is adjacent to at least j=2 vertices from Ki,
therefore xi¿ j=2. In these inequalities, the equality is attained simultaneously, so, if
xi = j=2 then we have a complete bipartite graph Ki ∪ Kj, contrary to Lemma 1.3.
Let i = j¿ 10. Two vertices of the subgraph Ki are called adjacent if they lie on
a common secant. Thus, Ki is a regular triangle-free graph of degree i=2. Therefore
xi¿ i. If xi = i then Ki is a complete bipartite graph with i=2 vertices in each part,
contrary to Lemma 1.3. This proves (3).
Let K0 be a coclique. By L denote the set of all lines intersecting K0; put l= |L|.
Since every vertex of K0 lies on t + 1 lines from L, and every line of L contains
a single point of K0, we have x0 = l=(t + 1). Replacing l by the total number of
outer lines, we shall obtain an upper bound on x0. The total number of lines in  is
equal to (t + 1)(st + 1), and the number of secants is equal to the number of edges
of the hyperoval, that is, (t + 1)=2. Therefore, the total number of outer lines is
(t + 1)(st + 1 − =2), and x06 st + 1 − =2. In the case considered, x06 28 − =2.
Finally, if ¿ 36 then K0 is a coclique indeed. Lemma 2.2 is proved.
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Note that the statement (1) of Lemma 2.2 allows one to simplify the system of Eqs.
(1). Substituting xj=ixi=j into the Hrst equation, we get xi+xj=(i+j)xi=j=(−16)xi=j.
In the second equation, it is enough to replace jxj by ixi. Note that xi = 0 when
0¡i¡ − 36.
Lemma 2.3. If  =36 or 40; then either Case (1) or Case (3) of Proposition 2.1
holds.
Proof. Consider all possible values of . If  = 32 then by Lemma 1.2; every point
not in  belongs to K8; and Case (1) holds.
If  = 34 then the system (1) takes the form{
x0 + 98 x2 +
9
7 x4 +
9
6 x6 +
9
5 x8 = 78;
x2 + 2x4 + 3x6 + 4x8 = 170:
(2)
Subtracting the second equation from the Hrst one multiplied by 2, we get x0 +
5
8 x2 +
2
7 x4 − 15 x8 = −7. Finding 15 x8 from this equation, and substituting it into the
Hrst equation of (2), we get 10x0 + 274 x2 +
27
7 x4 +
3
2 x6 =15. Therefore, x0 = x2 = x4 =0.
Further, x6 = 10 and x8 = 35. Now, by Lemma 2.2 we Hnd x10 = 28; x12 = 5.
Let x∈K12. Every secant from x⊥ contains a point from K6. If L is an outer line
from x⊥ then L also contains a point from K6. Therefore, K6 ⊂ [x]. It follows that
K6 ∪ K12 is a complete bipartite (5; 10)-subgraph, contrary to Lemma 1.3.
Let  = 38. The system (1) takes the form{
x0 + 1110 x2 +
11
9 x4 +
11
8 x6 +
11
7 x8 +
11
6 x10 = 74;
x2 + 2x4 + 3x6 + 4x8 + 5x10 = 190:
(3)
All summands in the Hrst equation are integers, and by (4) of Lemma 2.2 we have
x06 9; therefore, the sum 1110 x2 +
11
9 x4 +
11
8 x6 +
11
7 x8 +
11
6 x10¿ 65 and is divisible
by 11. Thus, this sum is equal to 66. It follows that x0 = 8. Now the Hrst equation is
reduced to 110 x2 +
1
9 x4 +
1
8 x6 +
1
7 x8 +
1
6 x10 = 6.
Using this equation and the second equation of (1), we Hnd −2x2 − 43 x4 − 34 x6 −
2
7 x8 = 10. A contradiction.
Let  = 42. The system (1) takes the form{
x0 + 1310 x6 +
13
9 x8 +
13
8 x10 +
13
7 x12 = 70;
3x6 + 4x8 + 5x10 + 6x12 = 210:
By (4) of Lemma 2.2 we have x06 7. Just as in the previous case, the sum x0 +
13
10 x6 +
13
9 x8 +
13
8 x10 +
13
7 x12¿ 60 and is divisible by 13; therefore, it is equal to 65,
and x0 = 5. The Hrst equation is reduced to 110 x6 +
1
9 x8 +
1
8 x10 +
1
7 x12 = 5. As above,
we Hnd − 65 x6 − 23 x8 − 14 x10 = 0. It follows that x6 = x8 = x10 = 0. Therefore, x12 = 35
and x14 = 30. Now, for every outer line L we have L ⊂ K0 ∪K12 ∪K14. But if L is an
outer line intersecting K12 then it can contain at most 40 points. A contradiction.
Let  = 44. The system (1) takes the form{
x0 + 1410 x8 +
14
9 x10 +
14
8 x12 + x14 = 68;
8x8 + 10x10 + 12x12 + 7x14 = 440:
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Multiplying the Hrst equation by 7 and subtracting the second equation, we get 7x0 +
9
5 x8 +
8
9 x10 +
1
4 x12 = 36.
First suppose that x8 =0. Then by (2) of Lemma 2.2 we have x8¿ 10. Therefore,
either x8 = 15 or x8 = 20. Under the second alternative, x0 = x10 = x12 = 0; x14 = 40,
and x20 = 8. This implies that every outer line has type (8; 8; 14; 14). But in this case
′ =K14 is a hyperoval on 40 points, and K20 ⊂ K0(′). Set x′i = xi(′). Then by (2)
of Lemma 2.2 we have x′0¿ x20 = (8=20)x8 = 8. Multiplying the Hrst equation of (1)
by 3, and subtracting the second equation, we get
3x′0 +
8
5 x
′
4 + x
′
6 +
1
4 x
′
8 +
1
7 x
′
10 = 16:
Therefore, 3x′06 16; a contradiction.
So, x8 = 15 and 7x0 + 89 x10 +
1
4 x12 = 9. By (2) of Lemma 2.2 we have
1
4 x12¿ 3. It
follows that x0=x10=0 and x12=36. Substituting these values into the second equation
of (1), we get x14¡ 0. Thus, we can conclude that x8 = 0.
Now suppose that x10 =0. Then x18 =0. If a∈K18, then outer lines from a⊥ have
either type (0; 10; 16; 18), or type (0; 12; 14; 18). In either case, x12 =0 and x16 =0.
Since every outer line intersecting K16 also intersects K0, we have x0¿ 2. By (2) of
Lemma 2.2, x10¿ 10. Therefore, x0 = 2; x10 = 18, and x12 = 24. Substituting these
values into the second equation of (1), we get x14¡ 0. So, x10 = 0.
It follows that x12 =0, and then x06 4. Since every outer line intersecting K16,
intersects also K0, we have x0 = 4, and x12 = 32. This contradicts  = 10.
Let  = 44. The system (1) takes the form{
x0 + 1510 x10 +
15
9 x12 +
15
8 x14 = 66;
5x10 + 6x12 + 7x14 = 230:
The second equation implies that x146 32. In the case of equality, x14 = 32, we get
5x10 + 6x12 = 6, and this contradicts (2) of Lemma 2.2
It follows from (1) and (2) of Lemma 2.2 that x14 = 0, 16, or 24. If x14¿ 0 then
5x10 + 6x126 118. For i=10; 12, it follows from (2) of Lemma 2.2 that either xi=0,
or xi¿ 12. Thus, the inequality 5x10+6x126 118 implies that either x10=0, or x12=0;
that is, either 230− 7x14 is a multiple of 5, or 230− 7x14 is a multiple of 6. The Hrst
alternative is impossible, since, by our assumption, x14 = 16 or 24. But the second
alternative is also impossible, since for neither x14 = 16 nor 24 the number 7x14 is
congruent to 230 modulo 6.
We conclude that x14 = 0 and x12 is divisible by 5. By (2) of Lemma 2.2, in this
case x12 is divisible by 15. Suppose that x12 =0. The Hrst equation of (1) implies that
x12 = 15 or 30. If x12 = 30 then (3=2)x106 16, which contradicts (2) of Lemma 2.2. If
x12 = 15, then the second equation of (1) gives x10 = 28, and x0 =−1; a contradiction.
We have proved that x14 = x12 = 0. It follows from the second equation of (1) that
x10 = 46, and again x0¡ 0.
Let  = 48. Then the system (1) takes the form{
x0 + 3220 x12 +
32
18 x14 + x16 = 64;
6x12 − 7x14 + 4x16 = 240:
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Consider the case x0 =0. Then xi=0 for all i¡ 12. Therefore, every line contains four
points from K12. It follows that x14 = x16 = x18 = 0, and the Hrst equation of (1) gives
x12 = 40. So, x20 = 24. But K20 is a coclique, contrary to Lemma 1.4.
Thus, x0¿ 0. Now consider the case x14¿ 0. If a∈K14, then every outer line in
a⊥ contains exactly one point of K0. By (4) of Lemma 2.2, we have x0¿ 4. On the
other hand, by Lemma 1.3, every triple in K0 is adjacent to at most four points of K14.
Thus, x146 16, contrary to (2) of Lemma 2.2.
Thus, x14 =0. Since every outer line through a point in K0 has type (0; 16; 16; 16), it
follows that for every b∈K0 we have [b] ⊂ K16. Therefore, for c∈K16 the inclusion
[c] ⊂ K16 ∪  ∪ K0 holds. Thus,  = K16 ∪  ∪ K0 is a point graph. This implies that
x0 = 4, and x16 = 60. For any distinct points b1; b2; b3 in K0, Lemma 1.3 implies that
the intersection of their neighborhoods contains a point from K16, contrary to the fact
that each point of K16 belongs to only two outer lines.
Let  = 50. Then the Hrst equation of the system (1) takes the form
x0 + 1710 x14 +
17
9 x16 = 62:
Therefore, x0 ≡ 62 (mod 17), contrary to (4) of Lemma 2.2.
Let =52. By (1) of Lemma 2.2, xi=0 whenever 0¡i¡ 16. It follows that every
outer line has type (0, 16, 18, 18), and by (4) of Lemma 2.2, x06 2. But every point
of K16 belongs to precisely two outer lines. Therefore, K0 consists of two vertices a
and b, so that K16 ⊂ [a] ∩ [b]. Thus x166 10, contrary to Lemma 2.2.
Let = 54. Then the system (1) has the unique solution x0 = 1; x18 = 30; x20 = 27.
Hence K20 is a coclique of size 27, and by Lemma 1.4, the size of any coclique is at
most 21; a contradiction.
Lemma 2.4.  =36.
Proof. Suppose that  = 36. We shall prove several claims:
(a) x0 = 1; x8 = 45; x12 = 30, and xi = 0 for all remaining i.
When  = 36, the system (1) has the form{
x0 + 109 x2 +
10
8 x4 +
10
7 x6 +
10
6 x8 + x10 = 76;
2x2 + 4x4 + 6x6 + 8x8 + 5x10 = 360:
Multiplying the Hrst equation by 5 and subtracting the second one, we get 5x0+ 329 x2+
9
4 x4 +
8
7 x6 +
1
3 x8 = 20. Therefore, x2 = 0; and if x4¿ 0 then, by Lemma 2.2, x4¿ 8
and it is a multiple of 4, so that x4 = 8. But in this case x6 = x0 = 0; moreover, x8¿ 0
implies x8¿ 6. A contradiction.
If x6¿ 0 then, by Lemma 2.2, x6 is a multiple of 7 and x6¿ 7. Then the equation
above implies that x0 = 0; x6 = 14, and x8 = 12; in particular, x8¿ 0. Using (3) of
Lemma 2.2, we Hnd x12 =8 and x14 =6. Now, take any outer line L intersecting K14 at
a point a, say. The line L must be either of type (6; 8; 8; 14), or of type (6; 6; 10; 14).
Let us show that lines of the second type cannot exist. Indeed, the secants from a⊥
contain seven points of K6; and for u; w∈L∩K6 we have u⊥∩w⊥=L, and the secants
from u⊥ ∪ w⊥ contain six more points of K6, a contradiction.
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Let L={a; b; u; w}, where b∈K6; u; w∈K8. Then each of the points u; w belongs to
four secants intersecting K12. Therefore, all other lines intersecting L are disjoint from
K12. It follows that b is an isolated vertex in K6; otherwise b would lie on an outer
line of type (6; 6; 12; 12). Further, |[a] ∩ K6| = 10. So, the four vertices of K6 belong
to u⊥ ∪ w⊥. Note that every line intersecting both K6 and K8 is of type (6; 8; 8; 14).
Therefore u⊥ ∪ w⊥ contains exactly Hve points from K14. Moreover, b⊥ contains at
least four more points from K14. This contradicts x14 = 6.
So, x6 = 0. If x0¿ 0 then Eq. (2) implies that x8 = 60 and x12 = 40, a contradiction.
Take z ∈K0. We have [z] ⊆ K12. Therefore, x12¿ 30 and x8¿ 45. Since  −  has
size 76, we have x0 = 1; x8 = 45, and x12 = 30. The claim (a) is proved.
(b) Let (a; b) be an edge in K12. Then for every edge (x; y) in (a), the following
equality holds: |[b] ∩ (x)|+ |[b] ∩ (y)|= 9. Moreover, 36 |[b] ∩ (x)|6 6.
Note that the edge (a; b) belongs to some triangle {a; b; c} in K12, and the neigh-
borhoods of its vertices split the hyperoval. Let L = {a; u; x; y} be a secant through
u∈K8. Then (u) consists of four isolated edges, one of which is the edge (x; y); the
remaining three vertices join three vertices from (b) with three points from (c). In
particular, this implies that |[b] ∩ (u)| = |[c] ∩ (u)| = 3. Further on, (b) − [u] is
contained in x⊥ ∪ y⊥, and  has no triangles. The claim (b) follows.
Let us Hx some notation. If a∈K12 then by A (capital “a”) denote the 6-coclique
formed by points from K8 belonging to secants in a⊥.
(c) Let  = {a; b; c} be a triangle in K12. For any vertex x∈K8 − [a], one of the
following assertions holds:
(1) x∈B ∪ C and |A ∩ [x]|= 3,
(2) x ∈ B ∪ C and |A ∩ [x]|= 2.
If x∈B ∪ C then, as in the proof of claim (b), we Hnd that |(a) ∩ [x]|= 3. Since a
belongs to six secants, we have |A ∩ [x]|= 3.
So, assume x ∈ B∪C. Recall that x∈ [b]∪ [c]. Without loss of generality, let x∈ [b].
Then [b] ∩ [x] is disjoint from . Therefore, (x) ⊂ (a) ∪ (c). Moreover, from
x ∈ B ∪ C it follows that the subgraphs [a] ∩ (x); [c] ∩ (x) are 4-cocliques. Thus,
[c] intersects with the secants from a⊥ by four points in  and two points in A.
(d) If a; b∈K12 then |[a] ∩ [b] ∩ | =5.
Suppose, on the contrary, that a; b∈K12 and |[a] ∩ [b] ∩ | = 5. Then |A − [b]| =
|B− [a]|= 5. Therefore, |A ∩ B|6 1. We consider two cases.
Let A∩B={x}, and let (u; w) be an edge in [a]∩ [x]∩. Then this edge is isolated
in (a)∪(x). As |(b)−((a)∪(x))|=5, we get |(u)∩(b)|+|(w)∩(b)|6 5,
contrary to the second part of (b).
Now, let A and B be disjoint. Then some vertex x in A ∩ [b] lies on an outer line
L={b; x; u; w} in b⊥. Every vertex in A− [b] is adjacent to precisely one of the points
{x; u; w}. As A is a coclique, each of the Hve vertices of A− [b] is adjacent to one of
u; w. So, |A ∩ [u]|+ |A ∩ [w]|= 7, contrary to (c).
Let us introduce the following notation: for a triangle  = {a; b; c} in K12, put
S() = A ∪ B ∪ C. Since A; B; C are disjoint, we have |S()|= 18.
(e) If 1; 2 are distinct triangles in K12 then
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(1) for every a∈1 there exists e∈2 such that |∩ [a]∩ [e]|=6, and if b∈1−{a}
and f∈2 − {e} then | ∩ [a] ∩ [f]|= | ∩ [b] ∩ [e]|= 3;
(2) if a∈1 and e∈2 then | ∩ [a] ∩ [e]|= 4.
First suppose that there are vertices a∈1 and e∈2 such that | ∩ [a] ∩ [e]| = 6.
Then E does not intersect K8(a), and A does not intersect K8(e). Therefore, if {x; u; w}
is a triangle in K8(e), and x∈K8(a), then x ∈ A. Thus, every vertex of A is adjacent
to u or w. Claim (c) implies that |A ∩ [u]| = |A ∩ [w]| = 3. Further, since there are
three triangles in K8(e), it follows from (c) that |B ∩ K8(e)| and |C ∩ K8(e)|¿ 3. By
deHnition of , we have | ∩ [b] ∩ [e]|; | ∩ [c] ∩ [e]|6 3. Since | ∩ [a] ∩ [e]|= 6,
it follows that | ∩ [b] ∩ [e]| + | ∩ [c] ∩ [e]| = 6. So, | ∩ [b] ∩ [e]| = | ∩ [c] ∩
[e]|= 3.
In particular, this implies that |B ∩ K8(e)| = 3, and every vertex of B ∩ K8(e) is
contained in a triangle in K8(e); that is, B is disjoint with E. The same holds for C.
So, we have proved
(f) If, in (e), property (1) holds for 1 and 2, then S(1) and S(2) are disjoint.
Let us return to proving (e). To prove (1), it is suOcient for every vertex x∈1 to
Hnd a vertex y∈2 such that | ∩ [x] ∩ [y]|= 6.
Suppose that b∈1 and for every f∈2 the inequality | ∩ [b] ∩ [f]|¡ 6 holds.
As f∈2, it follows from (d) that | ∩ [b] ∩ [f]|¡ 5. Since -subgraphs of  are
cocliques, we have | ∩ [b] ∩ [f]|= 4. It follows from what we have just proved that
there are no vertices a and e for which a∈1; e∈2, and |∩ [a]∩ [e]|= 6. So, the
case (2) holds, and (e) is proved.
(g) For any triangles 1 and 2 in K12, either S(1) and S(2) are disjoint, or
S(1) = S(2).
By (f), we only need to consider the case (2) of (e). Now we shall prove that if
a∈1; e∈K12, and | ∩ [a] ∩ [e]| = 4, then E ⊂ S(1). It is enough to show that
|A ∩ E|= 2, that is, every point of [a] ∩ E belongs to a secant from a⊥.
Let 1={a; b; c}, and let L={a; x; y; z} be an outer line through a point x∈E. Then
|(e)− ([a]∪ [x])|=6, and therefore both [y]; [z] contain three vertices from (e) and
from E. By claim (c), it follows that y; z ∈ S(2). So we have shown that if u∈1,
then every triangle K8 ∩ [u] intersecting S(2) is contained in S(2). But there are at
most six such triangles in S(2), which implies that the total number of such triangles
is 9. Without loss of generality, assume that [a] contains a triangle {u; v; w} in K8
disjoint from S(2). Let e be adjacent to u. Then [u] contains an edge of (e), and,
by (c), we have |E ∩ [v]|= |E ∩ [w]|=2. It follows that |(e)∩ [v]|= |(e)∩ [w]|=4,
and there is a point in (e) adjacent to at least two points of the line {a; u; v; w}. This
contradiction proves (g).
Finally, the claim (g) implies that 18 must divide |K8|= 45. Lemma 2.4 is proved.
Remark 1. It follows from the uniqueness of a strongly regular graph  with pa-
rameters (81; 20; 1; 6) combined with Lemma 2.4 that  has no regular triangle-free
subgraphs of degree 10 on 36 vertices.
Lemma 2.5. If  = 40 then the conclusion of Proposition 2.1 holds.
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Proof. For  = 40; the system (1) has the form{
x0 + 65 x4 +
4
3 x6 +
3
2 x8 +
12
7 x10 + x12 = 72;
2x4 + 3x6 + 4x8 + 5x10 + 3x12 = 200:
Multiplying the Hrst equation by 3 and subtracting the second; we get 3x0 + 85 x4 +x6 +
1
2 x8 +
1
7 x10 = 16.
If x4¿ 0, then, by Lemma 2.2, we have x4=10. Therefore x0=x6=x6=x8=x10=0.
It follows that x20 = 2; x12 = 60, and the conclusion of the lemma holds.
Now consider the case x4=0. Suppose that x6¿ 0. Choose a point a∈K6 and points
b1; b2; b3 on secants from a⊥. Set =[b1]∩[b2]∩, and 0=−([a]∪[b1]∪[b2]). If
||=- then |0|=-+2, and every point of  is adjacent to at least seven points 0;
in particular, -¿ 5. If -6 7 then every three points of  are adjacent to at least three
points of , contrary to Lemma 1.3. Therefore, - = 8, the number of edges between
0 and  is at least 56, and there is a point in 0 adjacent to at least Hve vertices of
. This contradicts Lemma 1.3. So, we conclude that x6 = 0.
Next, suppose that x6 = 0 and x8 = 0. Then x12 =0; otherwise x10 = 40, and x0 is
not integer. Further, every outer line intersecting K12 is of type (0; 12; 14; 14). There-
fore, x0 = 4; x10 = 28; x12 = 20, and K0 ∪ K12 is a (4; 20)-subgraph, a contradiction.
So, x8¿ 0.
Choose a point a∈K8 and points b1; b2; b3; b4, on secants from a⊥. Set =[b1]∩
[b2]∩, and 0 =− ([a]∪ [b1]∪ [b2]). If ||=- then |0|=-+4, and every vertex
of  is adjacent to two points in , at most two points in (a)− ([b1]∪ [b2]), and at
least six points in 0 (in particular, -¿ 2). Let  = {ci}-i=1, and let {ai}7−-i=1 be the
points of K8 distinct from a which lie on secants from b⊥1 not intersecting .
If -=2 then 0 ⊂ [c1]∩[c2]; hence, 0 is a coclique. If a1 lies on an outer line from
b⊥2 then a
⊥
1 contains one edge from [b1] ∩  and at most two edges joining vertices
of (a⊥ ∩ )− ([b1] ∪ [b2]) with vertices of 0. This contradicts the fact that a1 ∈K8.
Therefore, every vertex ai belongs to a secant in b⊥2 , and its neighborhood contains
two edges joining (a⊥ ∩ )− ([b1] ∪ [b2]) with 0. Set i0 = − ([ai] ∪ [b1] ∪ [b2]).
Then i0 is a coclique in [c1]∩ [c2]. Therefore, the vertices d1; d2 of ∩[a1]∩ [a2] are
adjacent to every vertex ai, and we Hnd a (4; 6)-subgraph {b1; b2; d1; d2; a; a1; : : : ; a5},
contrary to Lemma 1.3.
If - = 3 then |0|= 7, and [c1] ∩ [c2] ∩ [c3] contains b1; b2 and at least four points
from 0. This contradicts Lemma 1.3.
If - = 4 then, by Lemma 1.3, [ci] ∩ [cj] ∩ [ck ] contains at most two points from
0 whenever i; j; k are distinct. So we can assume that [c1] ∩ [c2] has four points of
0; [c3] ∩ [c4] has four other points of 0; |[ci] ∩ 0| = 6, and every point of 0 is
adjacent to four points of . Therefore, 0 is a coclique. As above, all three vertices
of {ai} lie on secants in b⊥2 . Let [a1] ∩  contain edges (d1; e1) and (d2; e2), where
e1; e2 ∈0. Then d1 and d2 are adjacent to all vertices ai, and a vertex ci not adjacent
to e1 is adjacent to three vertices in the (4; 4)-subgraph {b1; b2; d1; d2; a; a1; : : : ; a3}. A
contradiction with Lemma 1.3.
Let -=7. Since every point of ([a]∩)− ([b1]∪ [b2]) is adjacent to at most three
points in , it follows that the number of edges between 0 and  is at least 44;
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furthermore, |0| = 11. Therefore, this number is equal to 44, and every point of 0
is adjacent to four points in . In particular, 0 is a coclique.
If [b1]∩ [b2]∩ [b3] contains a vertex w which diPers from a and does not belong to
, then w lies on outer lines from b⊥1 ∪ b⊥2 . Then [w] ∩  has at most two edges, a
contradiction. Therefore, [b1] ∩ [b2] ∩ [b3] contains three points of , and the number
of edges between 0 and ¿ 44. A contradiction.
Let -=6. Suppose that 0 has two disjoint edges, and let ′ be the graph obtained
from 0 by deleting these edges. Then |′|=6, and every point of  is adjacent to at
least four points of ′. It follows that every point of ′ is adjacent to precisely four
points of . Further, [b1]∩ [b2]∩ [b3] contains a point w belonging to outer lines from
b⊥1 ∪ b⊥2 . Then w∈K8; moreover, [w] contains the two mentioned edges of 0 and
all edges joining ′ with [a] ∩ . Let d∈ [a] ∩ [w] ∩ , and let (d; e) be an edge in
[w]∩. Since  is triangle-free, [d] contains at most two vertices of . Therefore, [e]
contains at least four vertices of , and we have a (3; 5)-subgraph {b1; b2; e; a; [e]∩}.
Further, [b1]∩ [b2]∩ [bi] has no vertices of outer lines from b⊥1 ∪b⊥2 . Therefore, this
subgraph contains at least one vertex from 0 for i = 3; 4, and the number of edges
between 0 and  is at least 38.
Let 0 contain a 2-path xyz; put ′ =0 − {x; y; z}. The number of edges between
 and ′ is at least 28, and |′|=7. It follows that this number is equal to 28, every
vertex of ′ ∪ {x; z} is adjacent to four vertices of , and |[y] ∩ |= 2. So we have
a (4; 4)-subgraph {b1; b2; x; z; − [y]}, and, by Lemma 1.3, each vertex u of ′ is
adjacent to at most two vertices from − [y]. Therefore, [u] includes [y]∩={ci; cj},
and we have found a (3; 6)-subgraph {ci; cj; ck ; b1; b2; ′ ∩ [ck ]}. A contradiction.
So, 0 must contain at most one edge. If a1 lies on an outer line from b⊥2 then
[a]∩ contains one edge from 0 and two edges joining 0 with [a]∩. Therefore,
[b1] ∩ [b2] ∩ [bi] contains at least two vertices from  for i = 3; 4. So, the number
of edges between 0 and  is at least 40. Hence, it is equal to 40, and every vertex
of 0 is adjacent to four vertices of , so that 0 is a coclique. This implies that
the fourth vertex of  ∩ [b1] ∩ [b2] ∩ [bi] is a1, and a1 lies on a secant from b⊥2 . Set
{d1; d2} =  ∩ [a] ∩ [a1] and 10 =  − ([b1] ∪ [b2] ∪ [a1]). As above, each vertex
of 10 is adjacent to four vertices in . If e1 is a vertex of [d1] ∩ 10 then we get a
(3; 5)-subgraph {b1; b2; e1; a; [e1] ∩ }. A contradiction.
Thus, we have shown that -=5 if - =0. If 0 contains a 5-vertex subgraph / such
that every vertex of / is adjacent to four vertices of , then the subgraph {;/} is
a (5; 5)-graph with a deleted perfect matching. But in this case the number of edges
between 0 −/ and  is at least 10, so that a vertex y∈0 −/ is adjacent to three
vertices of . As a result, we get a (3; 5)-subgraph {[y] ∩ ; b1; b2; y; z1; z2}, where
z1; z2 are vertices of / adjacent to [y] ∩ .
Thus, we have at least 30 edges between  and 0 and at most four vertices in /
adjacent to four points of . Then 0 has no points adjacent to a single vertex in ;
furthermore, if a vertex of 0 is adjacent to two vertices of , then the number of
edges between  and 0 is 30, and exactly four vertices of 0 are adjacent to three
and to four vertices of , respectively. In particular, 0 has no two disjoint edges.
Let 0 contain a 2-path xyz such that ′ = 0 − {x; y; z}. Without loss of generality,
∩[x]∩[z]={c1; c2; c3}. By Lemma 1.3, every point of ′ is not adjacent to at least one
A.A. Makhnev, D.V. Paduchikh /Discrete Applied Mathematics 135 (2004) 143–156 155
of the vertices {c1; c2; c3}. Among the vertices of ′ which are adjacent to four points
of , there are two, u and w say, not adjacent to ci. Then we get a (4; 4)-subgraph
{b1; b2; u; w;∩ [u]}, and some vertex of ′ is adjacent to three vertices in ∩ [u]. A
contradiction.
So, we have shown that 0 has at most one edge. Suppose that ai ∈ [b1]∩ [b2]∩ [b3],
and ai is on an outer line from b⊥2 . Then [ai]∩ contains an edge from [b1], an edge
from 0, and two edges between 0 and [a] ∩ . This contradicts the fact that [b3]
contains an edge from [a] ∩ .
Finally, if a vertex w in ∩ [b1]∩ [b2]∩ [b3] does not belong to , then it belongs
to secants from b⊥i ; i = 1; 2. Therefore, both [b3] and [b4] contain at least one vertex
from , so that the number of edges between 0 and  is at least 32. Thus, at least
Hve vertices of 0 are adjacent to four vertices of . A contradiction.
3. Locally GQ(3; 9)-graphs
Let  be a connected locally GQ(3; 9)-graph. Let the vertices a; b be at distance 2,
= [a] ∩ [b], and  = ||.
Lemma 3.1.  =32.
Proof. If  = 32 then every vertex of [b] − [a] is in K8(). By Proposition 2.1; we
have |[a] ∩ [c]| = 32 for every point c in [b] − [a]. Therefore;  is strongly regular
with  = 32. But 32 does not divide 112 · 81; a contradiction.
Lemma 3.2.  =40.
Proof. Let  = 40; and c; d∈Kb20(). Then [c] ∩ [d] ∩ [b] = Kb4 () = {ei}10i=1. Let
i=[a]∩[ei]. It is clear that b∈K4(i). Hence; |i|=40; so that c∈K20(i). Therefore;
the edge (b; ei) is in K20(i); and by Proposition 2.1; we have |[a] ∩ [c]|= 56.
By  and / denote the sets of vertices of − a⊥ adjacent to 40 and 56 vertices in
[a], respectively. Let || =  and |/| = -. Then every vertex of  is adjacent to two
vertices of /, and the number of edges between  and / = 2.
Now, the number of edges between [a] and ∪/ is equal to 112 · 81= 40+56-;
that is, 5=7(162−-). On the other hand, the neighborhood of b in ∩ [c] coincides
with {ei}10i=1. Further, the neighborhood of ei in  ∩ [c] is a 10-coclique. So,  ∩ [c]
is a hyperoval in [c]− [a]. By Proposition 2.1, we have  ∩ [c] = [c]− [a]. It follows
that the number of edges between  and / is 56-, which implies that  = 28- and
20- = 162− -. But 162 is not divisible by 21; a contradiction.
Finally, Lemmas 3.1, 3.2 and Proposition 2.1 together imply that  is strongly regular
with parameters (275; 112; 30; 56). Now it follows from [3] that  is the McLaughlin
graph. The theorem is proved.
Let us now prove the corollary. Let a geometry G be an extension of GQ(3; 9).
Suppose that G is not triangular. Then there are pairwise collinear points a; b; c not
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belonging to a block. By Lemma 1.5, Ga contains a hyperoval  such that c∈,
and no point of  is collinear with b in . This contradicts Proposition 2.1. So, the
geometry is triangular, and we can apply the theorem. The corollary is proved.
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